We show that Ow, implies there is a family of 2<ui many pairwise nonhomeomorphic Ostaszewski spaces, with the additional property that any continuous image of one in another is compact. We also present diamond versions of Fleissner's forcing results concerning the normality of products of Ostaszewski spaces and their compactifications.
Introduction
By an Ostaszewski space, we mean a topological space whose point set is the ordinal coi that is first countable, locally countable, countably compact, hereditarily separable, perfectly normal, zero-dimensional, locally compact, and not Lindelof. It is folklore that either forcing or the combinatorial principle Ocu, can be used to construct nonhomeomorphic Ostaszewski spaces. We use Oca, to construct a family of 20}' many Ostaszewski spaces with the stronger property that the continuous image of one in another is always compact. Since an Ostaszewski space is a first countable, locally countable topological space on the ordinal coi, this is the largest possible size for such a family.
In [F] Fleissner has obtained results concerning the normality of products of Ostaszewski spaces and their compactifications by adding u>i many Cohen reals to a model of CH. We give versions of these results that use 0^, instead of forcing.
Notation. We establish some notation that will be used throughout. Let X be an Ostaszewski space.
(1) Oo,, is the assertation that there is a family {Ea : a £ a>i} such that each Ea c a and for each A £ [cox]Wt , the set S = {a £ cox : A n a = Ea} is stationary.
(2) {ka : a £ coi} is the increasing 1-1 enumeration of the limit ordinals in Oil- (3) A is the assertation that there is a family {c(Xa) : a £ cox} such that each c(ka) is an co sequence of ordinals cofinal in Xa and each uncountable subset of cox contains some c(Xa).
(5) For a £ cox and t £ Le\aT, both Xa and X(t) denote topological spaces with point set ka .
(6) If t£ Leva(T), then r = tU{(a, 0)} and t+ = (U{(a, 1)}. (7) A = {(x,x):x£X}. (8) Suppose f.X -» X. Then T(f) = {(x, f(x)) : x £ X}. Thus, if / is the identity on X then A = T(f).
The basic construction. Our constructions generalize Ostaszewski's construction in [O] , which we will refer to as the basic construction. We assume CH and the combinatorial principle 4; this combination is equivalent to Oo, (see [D] ). By CH, we can find an onto map F : cox \co -► [wif such that F(a) C a , for all a £ cox. Let {c(ka) : a £ o)X} be a £ sequence.
We proceed by induction on aewi.
At stage a, we construct a topology x(a) on the ordinal ka to obtain a space Xa . The induction also satisfies the following: whenever /J < a < a>i , We begin by taking t(0) to be the discrete topology on k0 = co. This clearly satisfies (l)-(4). If a is a limit, we take x(a) to be the topology on ka generated by the union of the x(B), for /? < a (i.e., we take the direct limit). This also satisfies (l)-(4). Thus, the only troublesome case is when a = u + 1 . We will use the following lemma, which is also due to Ostaszewski.
Lemma 0. Let X be a countable, zero-dimensional, locally compact, metrizable space with a compatible metric. Let Ax, ... , A" be closed discrete subsets ofX. Then there is a space Y that contains X as an open subspace, such that Y is also countable, zero-dimensional, locally compact, and metrizable, with Y\X a closed discrete subset of Y, and such that each point of Y\X is an accumulation point of each Ai.
Proof. A complete proof can be found in [O] ; we will be content to sketch the necessary construction. For concreteness, we will assume that n = 2, so set AAi and B = A2. Some of the applications will require a specific enumeration of A and B , so suppose we have A = {a" : n e co} and B = {bn : n £ co}.
We would like to assume that A and B are either disjoint or equal. We can ensure this by thinning A and B, but some of our product constructions require that if we thin A to {a"k : k £ to} then we thin B to {b"k : k £ to}. Having done this, reindex so that A = {an : n £ co} and B = {bn : n £ co}.
By induction on n £ co, find neighborhoods Un of a" and V" of b" such that U" and Vn are disjoint, clopen-compact sets of diameter at most l/n, and such that {U" : n £ co} U {Vn : n £ co} is a discrete family of subsets of X .
Let {y" : n £ co} be countably many points not in X. Partition co into infinitely many disjoint infinite sets {W" : n £ co}. Set Y = X U {y" : n £ co}. Topologize Y so that points of X retain their A'-neighborhood bases and so that a base at y" is a set of the form B(y" , k) = {y"} u {Jm€lVn ,m>k Uml)Vm.
Then the space Y is as required. □ License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
Returning to the basic construction, we find closed discrete subsets A and B of X" as follows: set A = c(kv). If F(v) is a closed discrete of Xv, set B = F(v); otherwise, set B = A. Using Lemma 0, find an extension Y = Xv U {y" : n £ co} of Xv . Take x(a) to be the topology on ka obtained by identifying y" with the ordinal kv + n . This completes the successor stage of the induction.
The construction continues until a = coi . Let X be the direct limit of {Xa : a £ coi} . Then X is an Ostaszewski space.
Remark. Having given the basic construction, in our applications we will often just give the necessary modifications to the successor stage and/or Lemma 0.
A FAMILY OF 2W' MANY DISTINCT OSTASZEWSKI SPACES
As already noted, it is well known that there are nonhomeomorphic Ostaszewski spaces. We will construct a family of 2Wl many Ostaszewski spaces with the stronger property that the continuous image of one in another is always compact. Ostaszewski spaces are locally countable and first countable, so this is the largest possible size for such a family.
We describe the combinatorics that our construction will use. We assume the combinatorial principle diamond [K] . Let {(fa, sa, ta) : a £ coi} be a diamond sequence such that for each (/, b, d) £Wlcoixb)'2xw,2, there are uncountably many a £ coi such that (fa, sa, ta) = (f\ka, b\a, d\a).
Such a sequence can be obtained from the usual diamond sequence on W| by standard coding arguments and the fact that on a club, ka = a. Our plan is to interpret (fa, sa, ta) as ' fa is a partial function from a space X(b) to a space X(d)' and to destroy the continuity of fa at stage a + 1 , if necessary.
We now describe the inductive construction of the spaces. For each s £ T, we will construct a space X(s) = (ka, x(s)), where a is the height of j in T. The induction, which is on a £ coi , constructs all x(s) , s £ LevaT, at stage a , and also satisfies, whenever r c s £ LevQ T,
(1) X(r) is an open subspace of X(s).
(2) X(s) is zero-dimensional, locally compact, and metrizable. To begin the induction, take x(0) to be the discrete topology on k0 . Since ko -co, (l)-(5) are clearly satisfied. When a is a limit and s £ LevaT, we take x(s) to be the direct limit of the x(r), such that res.
This also satisfies (l)-(5). Thus, the only troublesome case is when a = v + 1 . To complete the induction when a = v + 1, we must construct x(s) for each 5 £ Levar. For s £ {s+, s~}, construct X(s) from X(s \ v) exactly as in the basic construction. For brevity, we will only construct X(s~); X(s+) is constructed analogously.
We begin by finding closed discrete subsets A, B , C, D, E, and F of X(s"). Find A and B as in the basic construction. Now consider fv as a function from X(sv) into X(t~).
If sv ± tv , fv is continuous, and the range of fv contains a c(kp), for some p < v, take ordinals p and p' with kv < p < p' < ka. Note that by (3) of the induction hypothesis, in X(t~) both p and p' are in the closure of the countable set c(kp). Since X(t~) is a zero-dimensional, locally compact, metrizable space, there are disjoint, clopencompact neighborhoods U and U' of p and p', respectively. Metrizable spaces are Frechet-Urysohn, so there are sequences (xn)n€0) c U n c(kp) and (yn)neco Q U' nc(kp) that converge to p and p', respectively. Now, sup(range(/l/)) < kv , and kv < p < p' < kv+i, so that {f~x(x") : n £ co} and {f~x(yn) '■ n £ co} are discrete families of closed sets in X(sv). Taking c" £ fv~x(xn) and d" £ fu~x(yn), we obtain countable, closed discrete sets C = {c" : n £ co} and D = {dn : n £ co}. If the above requirements are not met, we set C -D -A . In a similar manner, consider fv as a function from X(sv) into X(t~/j) and obtain closed discrete sets E and F .
We are now ready to define x(s~). Using Lemma 0, we find an extension Y of X(s") such that each y £ Y \ X(sv) is an accumulation point of A , B , C , D, E, and F . We identify Y\X(su) with the countable set ka \ kv and thus obtain the topology x(s~) on ka .
Clearly ( 
Normality of products
In this section, we give diamond versions of Fleissner's recent forcing results (see [F] ) concerning the normality of products of Ostaszewski spaces and their compactifications. The essential new concepts are contained in the following definitions, which are derived from the notion of a 2-uncountable set (see [B] ).
Definition. Let X and Y be topological spaces.
(1) A subset of A C X x Y is skeletal if it is of the form S(K0, Kx) = (Ko x Y) U (X x Kx), where Ko is a compact subset of X and Kx is a compact subset of Y.
(2) A subset of X x Y is large if it is not contained in any skeletal set. (3) A subset A c X x Y is wispy if it is closed and noncompact, but for each x £ X, the section {y £ Y : (x, y) £ A} is compact, and for each y £ Y, the section {x £ X : (x, y) £ A} is compact. (Note that wispy implies large.)
The following lemma is from [F] and is proved in detail there. The essential element of the proof is the use of Glicksburg's theorem to show that if X and Y are Ostaszewski spaces, then fi(X x Y) = BX x BY. Lemma 1. Let X and Y be Ostaszewski spaces.
(1) The product X xY is nonnormal if and only if there is a pair of disjoint wispy sets in X x Y.
(2) The products flX x Y and X x RY are both normal if and only if there are no wispy sets in X xY.
Corollary 2. Let X be an Ostaszewski space.
(1) The product XxX is nonnormal if and only if there is a wispy set disjoint from A in XxX.
(2) If X has an autohomeomorphism with no fixed points, then XxX is not normal.
(3) The product X x fiX is never normal.
(4) If BX x Y and X x pY are both normal and f: X -> Y, then the range of f is a compact subset of Y. Proof. Note that A is a wispy subset of X x X.
(1) Easy.
(2) If a is such an autohomeomorphism, then r(cr) is a wispy set disjoint from A.
(3) Easy, but also a consequence of Tamano's theorem [P] . (4) If the range of / is noncompact, then T(f) is wispy. □ Remark. Concerning the above corollary, we can also construct a family of 2W> many Ostaszewski spaces with the property that (IX x Y is always normal. Note that by (4) of the above lemma, this is stronger than requiring all continuous images of one space in another to be compact. It is also possible to construct such families with the property that each space in the family has normal (or nonnormal) square. To construct such families, proceed as before, but replace the basic construction of an Ostaszewski space with one of the constructions described below, taking care to kill counterexamples as necessary. The details are left to the interested reader.
XxX nonnormal. We first construct an Ostaszewski space X such that XxX is nonnormal. This construction is well known; we include it for completeness. By Corollary 2, it suffices to construct X so that the permutation a on cox defined by a(ka + 2n) = ka + 2n + 1, a(ka + 2n + \) = ka + 2n
is an autohomeomorphism.
We only need to modify the basic construction at stages such that a = u + 1; it suffices to make o \ ka a homeomorphism. We first find the closed discrete sets A and B as in the basic construction. By thinning, we can assume that A , a[A], B, and a [B] are pairwise disjoint. List A = {an : n £ co} and B = {bn : n £ co}. By induction on n £ co, choose clopen-compact neighborhoods Un of an and V" of bn of diameter at most 1/n , with the additional requirement that the family {A" : n £ co} U {a[A"]: n £ co} U {B" : n £ co} U {o [Bn] : n £ co} is a discrete family of subsets of Xv .
We define neighborhoods in a manner similar to Lemma 0: partition co into infinitely many disjoint infinite sets { W" : n £ co}. For each k £ co, define a neighborhood B(ka + 2n, k) of ka + 2n by B(ka + 2n,k XxX normal. We now construct X so that XxX is a normal space. From Lemma 1, we need to construct X so that all wispy subsets of X x X meet A.
Suppose that X is an Ostaszewski space. Then X x X is locally countable, so compact sets are countable. Thus, an easy closing-off argument gives: if A C X x X is wispy then there is a club C C cox such that if ag C, then A n (a x a) is wispy in Xax Xa. Thus, a diamond sequence can be used to guess potential wispy sets as we build X.
We use a diamond sequence of the form {Ea : a £ coi} , where Ea C ka x ka and for each E C coi x coi there is an a £ co{ such that Ea = E n (ka x ka).
(Recall that on a club, ka = a.)
We follow the basic construction, except when a = v + 1 and E = Ev \ A is large in Xv x Xv . Let A and 7? be the closed discrete sets from the basic construction. Select distinct points ao, bo, to, and do, with (cq, do) £ E, ao £ A, and bo £ B. Select pairwise disjoint, clopen-compact neighborhoods Uo, Vq, 7?o , and S0 of ao, bo, c0 , and rf0 , respectively, of diameter at most 1. Since E is large, there are additional distinct points ax , bx , cx , and dx , with (cx, dx) £ E, ax £ A, and bx £ B. Choose neighborhoods of these points as before, this time with diameter at most 1/2, so that the family of all neighborhoods chosen so far is discrete.
Continuing by induction, we obtain a discrete family of neighborhoods, to which we apply the proof of Lemma 0. This gives us the space Xa and completes the successor step of the induction.
Note that if E = Ev \ A is large in Xv x Xv , then by induction, c\x*xE 2 (i/+l,toi)x(i/-i-l,(Ui).
Since each uncountable subset is guessed on a stationary set and wispy reflects on a club, this gives that each wispy set meets the diagonal, and so X x X is normal. PX x Y and XxflY normal. This construction is similar to the previous one, except that we are building X and Y simultaneously, and at stage a = v + 1 we ask if the entire set Ea is large in Xv x Yv . We leave the details to the interested reader.
